Abstract-In this paper, an approximate closed-form expression of the electric field of a conical horn with linear flare is formulated. Copolarization and cross polarization component of the electric field are calculated from the spherical field components using Ludwig's third definition of copolarization and cross polarization. The calculated field expression is found to be in close agreement with experimental results found in literature. The radiation characteristics of the conical horn are analyzed using the derived field expressions.
I. INTRODUCTION
Horn antennas are widely used as feeds of reflectors, lenses and compound antennas [1] , [2] . Their widespread use stems from their simple, solid geometry and excellent performance in terms of beam directivity.
In many applications such as satellite communication, it is required that the horn antenna handles two orthogonal polarizations and minimizes interference between them. This makes it possible to create two communication channels over the same frequency band. The conical horn antenna excited by a circular waveguide is suitable for such applications. By virtue of its axial symmetry, the conical horn antenna can handle any polarization of the exciting dominant TE 11 mode [3] . Along with linear polarizations, the conical horn is also well suited for circular polarizations as well. This versatility makes the conical horn an attractive choice for feed antennas.
Theoretical studies of the radiation characteristics of a conical horn antenna requires the accurate knowledge of aperture field expressed in terms of the amplitude of modes excited at the horn [4] . Detailed analysis of the electric field by determining the modes is very complicated and requires numeric solutions. By using justified approximations, sufficiently accurate analytical solutions of the electric field of conical horns have been calculated [5] , [6] . These results match closely with experimental results [7] . However, none of these field expressions are closed-form and requires numeric integration for field calculations. Evaluating numeric integrations in a computer requires more processing time compared to field calculations from a closed-form expression. Although, the time difference is small for a single design problem, it can be sufficiently large for optimization Manuscript problems. In optimization problems, the electric field needs to be calculated at each iterative step. A typical optimization problem may take thousands of iterations. Calculating multiple numeric integrations at each step would sufficiently increase the processing time. Thus a sufficiently accurate closed-form electric field expression will be highly useful for such problems.
Although, some recent work has been done on the field properties of the conical horn [8] , [9] , none of the obtained results are closed-form. Some analyses have also been done on approximate gain formulas of conical horns [10] , [11] . These works also lack complete electric field analysis.
A novel approximate closed form expression of the electric field of a conical horn antenna is presented in this paper. The derived results are verified by comparing it with experimental data found in literature. Using the derived expressions, copolarization and cross polarization components of the electric field are computed. The calculations of these polarization components are necessary because, experimental measurements are polarization dependent [12] . Therefore, in order to compare with experimental results, polarization dependent electric field expressions are required. Finally, using the derived expressions, the two dimensional and three dimensional radiation characteristics of the horn are analyzed.
II. THEORY
The geometry of conical horn antenna with linear flare is shown in Fig. 1 . The coordinate system in relation to the geometry is also shown. Here a w is the waveguide radius, a is the aperture radius, L is the length of the horn, h is the length of the flare section, and θ o is the semi flare angle. The radiation characteristic of the conical horn antenna depends on the dimension parameters. The dimension parameters determine the modes generated in the horn. The modes in an infinite conical horn can be expressed exactly in terms of a combination of spherical Hankel and Legendre functions [3] . Numerical methods such as mode matching, finite element and finite difference time domain can be used to find the electric field radiated by the horn. However, sufficiently accurate results can be obtained from a dominant mode approximation analysis. For a conical horn excited in the dominant TE 11 mode, the electric field can be calculated using vector diffraction formula [4] . Assuming quadratic phase approximation, the field radiated by the horn for the dominant mode has been determined by Narasimhan and Rao and is given by [3] , [4] : The three dimensional spherical coordinate system indicating antenna position, observation point and electric field component is shown in Fig. 2 .
The analysis provided in this paper starts with (1), (2) and (3). The equations are accepted to be accurate as they match closely with experimental results. The results are accurate for semi-flare angle less than 35° for medium to long horns [3] . The integration in (3) for m = 0 and 2 must be evaluated to find the electric field components. As these integrations do not have exact closed-form solutions, the resulting electric field expressions are not closed-form. In this paper, an approximate closed-form solution of (3) (1) and (2) .
The copolarization and the cross polarization component of the electric field are computed from the spherical field components using Ludwig's third definition of cross polarization [13] . The relation is given by [3] :
Here, Copolarization refers to the polarization in the desired direction and cross polarization refers to the undesired polarization located at ±90° from the copolarization direction [12] . Cross polarization indicates the interference created by the horn when two orthogonal polarizations are transmitted/received at the same time.
III. EVALUATION OF G 0 INTEGRATION
Calculating the electric field using (1) and (2) There is no exact closed-form solution of this integration. If one of the Bessel functions is replaced by an approximate function, the integration can have an approximate closed-form solution. It is noted that the argument of the first Bessel function varies from 0 to p 11 = 1.841184 over the integration limit of x = 0 to wa. An appropriate quadratic function can be used to model the Bessel function over this limit. For ease of integration, it is required that the modeled quadratic function do not contain any terms with odd powers of its argument. Through simple mathematical analysis, the modeled function, f 0 (x) is found to be:
The modeled quadratic function along with the actual Bessel function is shown in Fig. 3 . It is clear that the modeled function follows the original function very closely over the integration interval. Substituting (7) in (6): 
The two integrations must be performed separately. The first integration is given by:
[ ] 
Integrating by parts [14] , [15] : The following property of Bessel functions with p = 0 is used for the integration [1]:
Integrating by parts again, (12) becomes, 
Continuing this process gives the result of the integration in terms of an infinite series:
Substituting (15) in (10):
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As higher order Bessel functions damp out much more rapidly, truncating the infinite series of (16) still gives sufficiently accurate results. It has been found that taking 6 terms makes this result very close to results found from numeric integration.
Another similar integration must be performed to formulate G 02 (w). The second integration of (8) 
Integrating by parts: The following property of Bessel functions is used here [1]:
Continuing the integration of (19): 
Where,
Continuing this process results in the infinite series solution of the integrations given by:
Substituting (23) 
It is found that like (16) , only the first 6 terms of (24) is sufficient to give accurate results. By substitution (16) and (24) in (9) and truncating the summation to the first six terms for both cases, the following results are obtained:
1.366 0.317 ( ) ( ) . 
The accuracy of (25) is verified by comparing it with numeric integration results for a particular set of dimension parameters of the horn. The comparison is shown in Fig. 4 . The independent variable is changed from the w to θ by using relation expression matches very closely with the numeric integration results. Equation (25) is also found to be sufficiently accurate for any arbitrary practical dimension parameters of the conical horn.
IV. EVALUATION OF G 2 INTEGRATION
The integration G 2 (w) must also be calculated to formulate the electric field. The integration G 2 (w) can be found by putting m = 2 in (4): Equation (13) is used with p = 3 for this integration. Continuing the integration of (30) gives an infinite series result expressed as:
It is found that taking the first 6 terms of summation of (31) gives sufficiently accurate results. Substituting (31) in (28) and truncating the summation to the first 6 terms gives:
Equation (32) is verified by comparing it with numerical integration results. The comparison is shown in Fig. 6 for a particular set of dimension parameters. It is evident that the closed-form expression is sufficiently accurate. Equation (32) is also tested for other arbitrary practical dimension parameters and found to be accurate.
V. ELECTRIC FIELD FORMULATION
As both G 0 (w) and G 2 (w) have been calculated, the electric field components can easily be formulated. Substituting (25) and (32) 
Similarly, substituting (25) and (32) in (2) gives: Equation (33) and (34) are approximate closed-form expressions of the radiated electric field of the conical horn antenna. Fig. 7 shows the rapid decrease of higher order Bessel function terms. This illustrates the justification of truncating the infinite series solution of G 0 (w) and G 2 
(w).
To compare the derived results with experimental data, it is necessary to formulate the copolarization and cross polarization components of the electric field. This can be accomplished by substituting (33) and (34) 
Equation (35) and (36) can easily be evaluated by using (33) and (34).
Cross polarization is usually expressed as a function θ of at φ = 45° plane. This is done because cross polarization is maximum at this plane. Again, using (5), the cross polarization is expressed as:
For comparison purposes, copolarization and cross polarization are often shown in the same plot. The graphs are normalized with respect to the maximum value of the copolarization amplitude.
The electric field in the far field or Fraunhofer region of an antenna is independent of the distance of the observation point from the antenna [1] , [2] . Most analysis of radiation characteristics of an antenna involves the Fraunhofer zone. Antenna measurements are also performed on the Fraunhofer zone. So, to compare with experimental data, only the angular variation of the electric field is considered. The terms containing the distance variable r, are ignored. Fig. 8 shows the copolar and cross polar components of the electric field of a conical horn antenna in the Fraunhofer zone. Typical horn dimensions are assumed. The copolar component is calculated for φ = 0° plane using (35) and the cross polar component is calculated for φ = 45° plane using (37). The results are normalized with respect to the maximum value of the copolar component. To verify the accuracy of the derived closed-form expressions, numerical integration results are also shown in the same graph. It is observed that the derived closed-form expressions match closely with numerical integration results for both copolarization and cross polarization electric field components. The expressions are also found to be accurate for otherφ planes and other practical dimension parameters. It is seen that the maximum cross polarization level of the conical horn antenna is approximately -23 dB. Corrugated horn antennas have a much lower cross polarization level [16] . This makes them suitable as feeds for parabolic or Cassegrain reflectors [17] . However, the conical horn is much simpler and cheaper to construct because of its simple geometry. In many applications, the performance of the conical horn is acceptable. In such cases, the conical horn is preferred to the corrugated horn [18] . Fig. 9 shows the three dimensional normalized copolar electric field component in the Fraunhofer region. Equation (33) and (34) are used to generate the three dimensional plot. The main lobe of the horn antenna along with the side lobes is clearly visible in the figure. Fig. 10 and Fig. 11 show comparisons of the derived closed-form expressions with experimental data. The experimental data are obtained from literature [3] , [7] . The copolarization electric field in the Fraunhofer region is calculated using (35) and (36) along with (33) and (34). It can be observed that the derived closed-form expressions are in close agreement with the experimental results. This verifies the mathematical derivations presented in this paper.
It is found that when formulating the electric field using computer simulation, the computational time is much less if the closed-form expressions are used. The numerical integrations require more time to compute. As the derived closed-form expressions are sufficiently accurate for most engineering applications, they can be used for design and optimization problems to reduce computational time.
VI. CONCLUSION
A novel approximate closed-form expression of electric field of a conical horn is presented here. The detailed mathematical analysis used to derive the electric field components are presented in the paper. The expressions are compared with experimental data and found to be in excellent agreement. The derived expressions can be highly useful for design and optimization problems as they will significantly reduce the computational time.
